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14. Although, both theoretically and mechanically, the methods employed in these section 13.1

two situations are virtually identical, the two approaches do differ in the actual sam-
pling methods used, the breadth of inferences made from the results, and in some of
the assumptions ordinarily made about the population sampled.

43.1 / SIMPLE LINEAR RELATIONS
Problems in correlation and in regression are both concerned with three main ques-

tions:

1. Does a statistical relation affording some predictability appear between the ran-
dom variables X and Y?

2. How strong is the apparent degree of the statistical relation, in the sense of
possible predictive ability the relation affords?

3. Can a simple rule be formulated for predicting Y from X, and if so, how good

is this rule?

The ordinary techniques we have studied heretofore apply to the first two of these
questions, but the third is a new feature. In this chapter we are going to study the
possibility of applying the linear model as a rule for the prediction of Y from X. We
are going to act as though the true relation actually were a function, and, using a
function rule, make predictions or *‘bets’’ about Y values from knowledge of X val-
ues. Then we are going to evaluate the goodness of this prediction rule in terms of
how well one actually would do by predicting according to the rule. If the statistical
relation actually is a function then some rule exists that affords perfect prediction;
for the usual statistical relation, no rule permits perfect prediction, but some function
rule may nevertheless provide a good ‘‘fit”’ to the relation under study. Proceeding
in this fashion gives us two important advantages: quite often we are able to achieve
a fair degree of predictive ability by adopting a particular function rule, even though
the true relation itself is not really a precise function. Second, by studying our errors
using this rule, we gain information about how the rule might be made better and
how the general form of the relation might be specified more adequately.

The model that we will use to describe the relation between X and Y will be
linear, just as in Chapters 10 through 12. However, the model we will first employ
will be very simple:

y, =a, + bx, + e, [13.1.1]

where, as before, a, is a constant that enters into the value of y; for any individual
i, b is a constant weight that applies to the value x, and e, stands for error. Note
that if there were no errors, then

yi = a, + bx, [13.1.2]

which is strictly linear in the sense that a plot of all of the (x, y/) pairs of values

would fall along a straight line.
Naturally, there is no law that says the relationship between values such as x, and

values such as y, must be linear. The best description of how the x, are related to y,
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since a linear rule is to be used for this prediction, this means a rule of the form

zy=A + Bz,
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where B and A are constants. (Here, and in the following, we will use capital letters ¢ 2 =375

for the unknown constants in a rule involving z-scores, and lowercase letters for
rules involving raw score values.) The predicted score is labeled as zy to indicate
that it need not be the same as z,, the true standard score for any given individual.
Several individuals may have the same z, standard score, but quite different z,
scores; by use of the rule, however, only one z; or predicted standard score witl be
given for each z, value.

The problem is shown graphically in Figure 13.2.1. Here, the horizontal axis
represents possible values for z,, the vertical axis the possible values for z,, and any
point within the plane defined by these two axes represents a pair of z-scores (z,,2,)
that might be associated with any individual observation. Points in the functional
relation zy = A + Bz, lie along the straight line in the figure. For the particular
value of z, represented in the figure, the linear rule affords a predicted value zy; this
need not correspond to the actual value z, corresponding to any individual showing
the particular value of z, shown in the figure. The extent of ‘‘miss’’ or error between
the predicted value zy and z, for an individual is represented by the vertical distance
between the two points (z,,z,) and (z,,2;). We would like our prediction rule to be
such that, across all individuals, the fit between predicted and actual standard scores
on Y is as good as possible. The reader may be puzzled by the use of the term

“prediction’’ in this content; the teacher actually has the two scores for each of the
91 students. Why not merely look at the standardized Y score for any student? Ac-
tually the methods to be developed here will apply to situations where the user wants
to go beyond the immediate data, and to forecast the ¥ or z, score for an individual
for which this information is not already available. However, the basis for these
methods is best seen if one deals only with one intact group of N cases, each having
two scores, X and Y. For the moment, *‘prediction’’ consists of drawing one case at
random from this particular group, noting the z,, and then finding a predicted value

of zy by use of the linear rule.

Figure 13.2.1

Piot of a linear regression
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The first problem is to find constants A and B that will make the linear rule give
the ‘‘best possible’ predictions. These constants are found by the method of least
squares, which we have already encountered in Chapters 4 and 10. In this context,
applying the criterion of least squares means that we want to minimize the sum of
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2, = Bz,
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This can be show:
we have n as follows; Substituting 13.2.1 into 13.2.2 and
it rearranging terms

2 (= z,)
>, 7,) . 2 Bz, — 2,) + AF

N = 5 .
[13.2.4]

On carrying out the square for each { and summing, we have
s
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n}ust be positive, and Az.mu tebflrSt term is a mean of squ;edsi:on l;): the right in
sion can be at its smallest st be positive as well; it follows th b en .and hence
by the least-s lest value only when A is zero. Th at this entire expres-
Next, we v?ilillaris criterion is zero. . Thus, the value of A dictated
#-scores must lms ow that by the least-squares criterion the value of B fi
or predicting

_ Z Zxvi

B =
N

=r .
xy
(13.2.6]

This value of B i
is actually the correlation coefficlent (or Pe
arson product-mo-

b e

By defini- 449
THE DESCRIPTIVE
STATISTICS OF
CORRELATION AND
AEGRESSION

13.2.7° Section 132

ment correlation coefficient) 7. about which we will have much to say-

B Z‘ Zxilvi \

Ty N N
. I
rterion of least squares, our

tion,

prediction rule must be
[ 3.2.8%)

B =r, for

Thus, by the €

2 = Tl {

We can show as foll
the prediction of standard sC
start by substituting expressi

ows how the jeast-squares criterion dictates that
t be zero, this time we

ores. Since we know that A mu$
on 13.2.3 into 13.2.2.

2 Gn — Zh')z Z Bzy — Zn)z
g = [13.2.9]
N N

Expanding the square on the right hand of 13.2.9 and summing, we have

2 (2 ~ 2)° B 2 2 28 E 2xiEri Z 2y
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Expression 13.2.8 is called the prediction equation (0F regression equation) for z,
predicted from z,. The constant B as found from 13.2.6 is called the standardized
regression coefficient OF standardized regression weight for predicting Zy from 2y
Thus in the special case where standard scores Zy are to be predicted from standard
scores zy, the value of B = Ty However, as we will see, when raw scores are 10 be
predicted, a somewhat different form of regression weight will be needed.
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Finally, the fact that we are able to define the correlation coefficient in terms of
standard scores shows that r_ is a dimensionless index of linear relationship. This
means that r_ does not depend on the units of measurement for either X or Y, nor
on what value is called ‘‘zero’’ for either variable. Either X or Y or both can be
given a linear transformation (multiplying by a positive constant and adding another
constant), and the correlation between the transformed variables will be the same

as r,,

13.4 / THE PROPORTION OF VARIANCE ACCOUNTED FOR BY A LINEAR
RELATIONSHIP
Just how good is a linear rule for predicting values of Y from values of X in a given
sample? In order to answer this question, we need an index of the strength of linear
relationship between X and Y in the data. We can approach this problem as follows:
We already know that the variance of any set of standard values z, has to be 1.00.
However, what is the variance of the predicted values z,,? We can think of this as
variance accounted for, variability among the z,, values for different observations i
directly attributable to the fact that they have different z, scores. When we take the
variance of the predicted z; values we have

DINCH SN
52, = - - \Z N') ) [13.4.1]
First of all notice that
i’Y_( = rxv zXl =
Zy=25R =0

since the sum of all of the z,, values must be zero. Thus, the second term on the
right, the squared mean of all the predicted z; values, is itself zero. Then we find

(z})? 7 z) .

Z = 2 Eavanl [13.4.27]

The variance of the predicted zy values, or the variance explained by the z,, values,
is thus r’ .

Since the variance of the original z, values has to be 1.00, then if we take the
ratio of the variance of the predicted values to the total variance of the z, values, we

find that

proportion of variance explained | _ {fz =i /) [13.4.3]
by linear regression of Y on X s (T ] ' (\

the proportion of variance in Y accounted for, or exﬁined, by X is given by\ rf,\>
Thus, an index of the ‘‘goodness’” of the linear rule for predicting X from Y is given
by ri,, the proportion of variance in X accounted for by Y under the linear rule. The




index rfy is usually termed the coetficient of determination. You can always think
of r7, as representing the strength of linear relationship in a given set of data. Fur-
thermore, although it was convenient to discuss the proportion of variance accounted
for initially in terms of z-values, r,, is the same either for z-scores or for raw values
so that these interpretations are valid for ri, whether we are discussing standardized
or raw scores.

Thus, if the value of a correlation coefficient is .50 (positive or negative in sign)
then some .25 of the variability in ¥ is accounted for by specifying the linear rﬁle
fmd X If the correlation is .80, then 64 percent of the variance in Y is accounted for
in this way. A correlation of positive or negative 1.00 means that [00 percent of
variability in Y can be accounted for by the linear rule and X, but if » = 0 none
of the variability is thereby accounted for, All in all, not the correlation coef’ﬁcient
per se but the square of the correlation coefficient informs us of the “‘goodness’’ of
the linear rule for prediction.

13.5 / THE IDEA OF REGRESSION TOWARD THE MEAN

The term r.egressit.m has come to be applied to the general problem of prediction by
use of a \'wde vane.ty of rules, although the original application of this term had a
very specific meaning. The term ‘‘regression’’ is a shortened form of regression
tow:rd I::e mean in prediction. The general idea is that glven any standard score
Zy» the best linear prediction of the standard score . Is one
z relati

mean of zero than is Zye ' ely nearer the

This can be illustrated quite simply from our regression equation 13.2.8. Suppose
than an individual has a standard score z, of 2. Also suppose that the regression
equation we have found for the group to which the individual belongs is

Then we predics this individual to have a 2, score of 1, since
z, = .5(2) = |.

Notice tl!at we predict the individual to fall relatively nearer the mean on ¥ than on
X. That is, we predict in accordance with regression toward the mean. For another
set of data, the regression equation might be

7y = —.75z,.

Now in this insta, PP
LS T nce, suppose that the z, for some randomly selected individual were

7y = (~.75X1.5) = —1.125.

Since the correlation coefficient is negative, the prediction is that this individual
fal: below the mean of Y, given that the X value is above the mean
owever, in absolute terms, we again predict a standi ivel
) ) ing rela
mean o 7 DSt g tively closer to the
Thls'pnnciple of predicting relatively closer to the mean, or regression toward the
mean, is a fe.ature of any linear prediction rule that is best in the **least-squares**
sense qf Section 13.2. The idea is that if we are going to use such a linear rule for
prediction, then it is always a good bet that an individual will fall relatively closer
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o the group mean on the thing predicted than on the thing actually known. This
does not imply that the actual ¥ value must fall relatively closer to the mean than
does the value of X, however, but only that our best ber is that it will do so. Regres-
sion toward the mean is not some immutable law of nature, but rather a statistical
consequence of our choosing to predict in this linear way, using the criterion of least
squares in the choice of a rule.

43.6 / THE REGRESSION OF z, ON z,

In a true correlation problem, nothing makes it necessary to think of X as the inde-
pendent variable, or the value somehow known first or predicted from. It is entirely
possible to consider a situation where one might want to predict z, from knowing
z,- What does this do to the linear prediction rule, the correlation coefficient, and
so on?

In the first place, the same argument used in Section 13.2 shows that for predict-
ing z, from z,,
N = Iy [13.6.1]
where the correlation coefficient is, just as before, given by 13.2.7.

It is tempting to ask why we do not just solve the original regression regression
equation for zy, in terms of z,, in order to get

Iy = Lyl T,
However, recall what the symbols zy and zy actually represent. These are predicted
values and do not necessarily symbolize the actual values of z, and z, at all. Solving
the expression 13.2.8 for z, might be useful if one wanted to know the value of z,
known, given that z; were the predicted value, although it is hard to see why anyone
would ordinarily want this information. The form of the regression equation used
(13.2.8 or 13.6.1) depends strictly on which variable, X or Y, is designated as the
independent variable, or the thing known first in a prediction situation.

In prediction of X from Y, the sample variance of estimate for standard scores is

S.,=1-r [13.6.2]
(notice the reversal in subscripts from 13.2.13 when z, is predicted from z,). The
proportional variance in X accounted for by Y is, once again. rf_..

This brings up the point that the correlation coefficient is a symmetric measure of
linear relationship. So long as we are talking about the correlation coefficient alone,
it is immaterial which we designate as the independent and which the dependent
variable; the measure of possible linear prediction is the same. However, when we
deal with the actual regression equations themselves, this symmetry is not usually
present. As we shall see in the next section, it does make a difference whether you
are predicting Y from X or X from Y when it comes to finding the regression equa-

tions and errors of estimate for raw scores.

13.7 / THE REGRESSION EQUATIONS FOR RAW SCORES

Up to this point, we have considered only the problem of predicting standard scores
from standard scores. Introducing regression and correlation in terms of standard
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It is quite sim i P
plc to pu[ the regression equat'()n for redicti W
) l 1 Iction Zy fl'Om Zy intO ra

zy = L
which is exactly the same as
(y,’ _ My) =, & - M)
S, = A

where y! is the predicted raw i
yi score for the individual i
on the independent variable. A little algebraic manipu‘l;?:nxéil\s/etshe fronm raw score

vi=M, + B _ M,).
5 (13.7.17]

This is the raw score .
'0“" of the |eg'ess'°" equatlon for pl'edlctloﬂ of Y fl'ol'n X
It will be convenient to write this regression equatloll as

YOS Myt btx, - My )
where K—{(. 72
r
byy = }T' .
[13.7.34]

Th alue b
C Vv yx 1S called the UIlstalldaldlzw or raw Score regression Coe'"cle"t of
Y on X. “llS value b, x 8rves the best leaSt-SquaICS IedlCtlon of raw } scores holll
Y-X ( ) p
n 1 tical Yy,
In a (’ell wa We can turn the regression €quation for Zy predlcted frOm Z,
Y

xi, = Mx + bX~Y(yi - My)
[13.7.4)

Thls is th w .
€ raw score form of tlle regression €quation IOI predlCtlng X flom Y Hele

bey = L5 '
SY
[13.7.5]

is the unstandardiéed or raw
. Score regression coefficj icti
o Score reg cient fo
pendc; ;:;:eo l-that (;/hen no .spec1ﬁcanon IS put on which js torbl::relilcz:lrzg o Y
P predictor variable, there are two possible regress; s e'd o the inde-
i 8ression coefficients, b, and
Vibey = ro

Xy

(13.7.6]

the square root € g€ometric
of the pI'OdUCf of the two 8r ion C()e“i(:]ents (1.e. th
; € regresst I i ir e tri
ﬂlea") is the COﬂ'ClathH coefﬁcient. o '

454

PROBLEMS N E
CORRELATION AND 3
REGRESSION :

Figure 13.7.1 shows the two raw score regression lines that might apply to a given
C

bY’ "
Sectior

set of data. =
e R
Yo X ZbxyY My s My Figure 13.7.1
~ Plot of the two
regression lines for
predicting Y from X
and X from Y.
Y =by x X —My) + My,
7/ X
/
When prediction of raw scores is to be carried out, the sample variance of esti-
mate for predicting ¥ from X is
Siy =51 — 1) [13.7.7]
and the sample standard error of estimate is
Syy =SV = rf. ™ [13.7.8]
Similarly, the sample variance of estimate for predicting X from Y is
Sey = S0 = 13) [13.7.9]
and the sample standard error of estimate is
[13.7.10"]

Sy =S VI - rfy.
Finally, remember that the proportion of variance accounted for by linear relation-
ship (either in predicting ¥ from X or X from Y) is 72, just as for standardized

scores.

13.8 / COMPUTATIONAL FORMS FOR r_ AND b,,
Although the sample cormrelation coefficient was actually defined in Section 13.2 as
a summed product of standard scores (13.2.7), in practice the index is seldom com-
puted in this way. An equivalent raw score computational form will now be found.
We will show that the raw score form of the correlation coefficient is

(2 XD’-/N) T MM

o = SiSy

[13.8.17]




Starting with the definition,

13.2.7, and ituti
% and z,,, we have /> and substituting the ray ;
i i score equjva s
2 Quivalents of 4856 equations must be found, the job will likely be done by computer. Statistical com- 487
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.5 &~ M)y, M) CORRELATION AND , puting packages such as SPSS contain a variety of methods for computing correla AN EXAMPLE
v T T REGRESSION ions and related statistics. Various other methods for computing r_ are available. EompUTATIONS

NS, S, t FOR A SAMPLE

One method especially popular in past years is de.signed.for Qata grouped imf) ajoint g h. ot 30
= Z frequency distribution or “‘scatter plot,”” and this version is to be found in many
©ONSS, [« T Z M, ~ E YMy + NM.M elementary statistics texts. Howe.ver, for th; reasons just mentioned this is outdated

' ’ as a practical method, and we will not consider it here.

1
T NS,S, [ 2 W= MM, + NMXM,]

(2 wJN) - MM, 13.9/ AN EXAMPLE OF CORRELATION COMPUTATIONS FOR A SAMPLE
i ¥
B Consider once again the example of Section 13.2. The teacher collected data for a
Sti S class of 91 students, obtaining for each a score X, based on the number of courses
! another computing form for . taken in high school mathematics, and a score Y, the actual score on the final ex-
'

that i L
On a pocket or desk cal 's often useful when work s being done ] amination for the course. For each of the 91 individuals, the x, and the y, values are

shown in Table 13.9.1.

culator is

e M2 (34) (35)

B

2 e ]
[NZ P~ (2 * NS o (13.8.2] X y X y X y x y Table 13.9.1
! T Z’v‘ - (2 y,-) ] . High schocl mathematics
Giv ! 4 36 4 25 3.5 25 7.5 41 scores (X) and final
e en the correlation coefficient, it is theq possib] 35 9 4 19 35 22 673'5 gg examination scores (y).
S10n coefficj i ’ idle to fi 38 3 24 3 22 5
:cwnl by directly from nd the sample raw score f73 o 3 s 55 : : -
by =r (_y) 4 20 2 72 5 2 3
*\s 35 12 2 2 3 29 25 12
However. ¢ * [13.8.3] 2 10 35 3¢ 25 26 45 16
ever, for many problems it ; ;i ' 8 53 3 23 2 17 4 27
This may be 4 oS 1L is desirable to calculate p ¢ 3 16 35 26 5 a1 35 17
}'Z Ofle most simply by taking rx Without firs ﬁnding T 3 26 6 a3 4 24 55 25
Xy, — NM M 45 27 35 17 25 7 35 17
byy = = ’ 3 8 4 18 5 19 25 18
>~ N 3 24 25 13 2 9 8 40
or ‘ “ (13.8.4% 25 23 25 10 45 28 75 38
55 32 5 27 65 28 6 27
NS xy - 65 37 75 42 6 3@ 35 23
b,, = 2 (2")( y) 8 0 8 8 4 18
rx : 4 19 3 2% 35 23
S 35 22 25 10 35 8
N~ (2 x, [13.8.5] 4 3 2 2 & %
A great many } ; 25 18 2 16 65 32
value of the :;ly ?dnd-held or pocket calculators are pre 4 25 4 3 7 37
IS 10 enter ey, }l;r ‘ a;tlon coefhicient, along with 5 and oth, prog;arnmed 10 Provide the : 12 : 3 2 I
: €1 of the pairs of ©7 values. All ope 25 18 6 20 55 25
;iglllon ;‘0 the two meang and varE:nggs Viivliutﬁs}’ andf the calcylaror Producesasr ° QO 35 18 7 46 4 21
ature of gijy. . if d in
from y Thi el:i t:fe Pl’edxcéed Y value in rermysvof sZ:nlr:tn?iar:jy 2ls0 include the
] use and wide ava . T ered x valye ; ;
taken much of the former Jab fi llab'h.ty of these Inexpensive and x The mean of the Y values is
If a number of correlar Of from correlation Computationg caleulators has . |
10ns, along with g _ i
8 heir associated regression werghts and ] 2 i 2169 23.84 .
. = 227 L ag l

N 91
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The two standard deviations are

xZ
5, = ; - M = 1874.75
I \91 — 1756 = |74

2y

~h

S, =

¥

.

- 64043

—_—

o1~ 568.34 = 11.64.

2["

- M

The correlation coefficient will be co

Z 'ri—vi
: = W36 + (3.5)19) + . .

— = -+ 3.5)23)
91

50 that

mputed next:

= 116.26

(Z XYy/N) —
S YIN) — MM,
5,8,
- 116.26 — (4.19)(23.84)
(1.74)(11.64)

= .81.

“lUS the re, S10N e uation for pledlc[“l Z “()lll Z or lhese data 1S
, €.
gres q 14 ¥i f
i Xi

The r i
€ raw score regression coefficient is
rx

by = ro

USlﬂg [hlS regressio
8 n COCfliCiCllt we lilld that the raw COr¢ f
licti ~ i
score regressmn
€quation or

y o= (5.42)(x, — 4.19) + 23.84.

For instance,

given that an jndjv
the teacher can ooy

predict that the score o

= (5.42)(5 - 4.19) + 23.84
= 28.23,

al has a high schgol mathemat; 1

' €S sco
’ n the course €Xamination jg e ors,

Figure 13.9.1 shows a plot of the regression equation, together with the actual (x,
y) pairs for these data. Notice that although the actual pairs of scores do tend to
cluster about the predicted (x, y'} pairs, there is nevertheless some *‘scatter’ of the
actual Y scores about the predicted value for each X. This, of course, is reflected in
the fact that the obtained r_, is not 1.00.

Plot of the
. data in Table
13.9.1,
showing the
regression line
for predicting
y from X.

Y' = (5.42)(X —4.19) + 23.48

.
: .
e e

. .

:
.
. .'
1o e
225 3 35 4/45 5 55 6 65 7 75 8

Mx
X

For these data, the sample standard error of estimate is
S0 = SVT= 7

(11.64)(.586)

6.82.

13.10 / ASSUMPTIONS MADE IN COMPUTING CORRELATION AND
REGRESSION COEFFICIENTS FOR SAMPLE DATA

A few comments are in order about the propriety of computing correlations and
regression equations for sample data. In some of the older literature in social and
behavioral research several misleading ideas appear about when it is proper to com-
pute these indices and equations as descriptive statistics. We need to be clear about
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::es; milxtt)ter's. It is not.nef:&?ssary to make any assumptions at all about the form of
! e lts(fn ution, the variability of ¥ scores within X columns or **arrays."" or the true
e\;e o mez.isur-emént represented by the scores in order to employ linear regression
and correlation indices to describe a given set of data. So long as there are ¥ distinct
c i i P
asesl, t’jach having two numerical scores, X and Y, then the descriprive statistics of
Zolr're zmonl and regression may be used. In so doing, we describe the data as though
inear rule were to be used for prediction, a is i
» and this is a perfect|
' y adequate way to
ta]!( about the tendency for these numerical scores to associate or oc: )’ i
a linear way in these data. 0 fogether” in
por'f':lle[.confusm(; has arisen because in inference about trye linear relationships in
ations, and in some applications of re i i
gression equations to predict;
e sample o in predictions beyond
, ptions do become necessary, as we shall
! , see presently. H
n _ y. However,
€ may apply correlation techniques to any set of paired-score data, and the results

scc;re.s to differ systematically with differences in X in these data
t s true, however, that the possible values that T may assume depend to some

table. Unless the distributions for X and Y imilar i iti i
true .that the obtained value of Ty candranzgitreebsel::iz; ln—f;)n;]hn-:-sl noI[ "‘f‘-cessfml.y
5:551[;1.6{;0 produce examplcfs where the forms of the distributions o.f )? a::fity}’];rl:
Thryf ilferent, and the maximum possible absolute value of r s only .3 or |

e fact that the value of the correlation coefficient can, in pxxv-inciple r;mge f:()S;

Ca;:Srf(l)ated prol?lem with the value of I in a sample has to do with selection of
e ofa)p(Jpear in the sample, and in particular with systematic restrictions on the
(or of Y) values that appear. This introduces a bias into the obtained

ered by the introduction of such s sternati i i

one or bgth variables. These matte{s arrzaztl;zoszlizztg:e;eg;c(ll‘r;i:;f possible range of

Vag(l:lc:;eklisn,d;nc;i:rtally,h a large literatu.re de.voted to specia]-purp(')se correlations of

erious | wh." . ong these are the Point-biserial correlation, designed for the sit-
ch there are only two independent variable or X values, each accom-

o . : . .
al-errc:latlon CO.CfﬁCleltlt is the tetrachoric correlation, computed when both X and ¥
re arranged into widespread classes. Still another, the “phi’’ coefficient isan

, 1S men-
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13.11 / POPULATION CORRELATION AND REGRESSION
Imagine a population where each distinct elementary event qualifies for one and only
one joint (x,y) event, where X and Y are random variables having some known bi-
variate distribution. (The general features of bivariate distributions are outlined in
Appendix C.) That is, each individual i is assumed to be associated with a pair of
values, (x.y), and, under random sampling of individuals, there is a probability
density to be assigned to each conceivable (x,.y,) pair.

Now using the population rather than the sample as a reference group, the linear

model for a correlation problem is still

y,=a+ bx, +e.

However, for the population, if we apply the same least-squares argument as for
any other group, we find that the required value of the constant a for predicting raw
values is

a= py — Bvx ey [13111]

For the raw score regression coefficient b we have, for the population,

a.
Brx = vao__y [13.11.27]

X
The population correlation coefficient p,, (lowercase Greek ‘‘rho™") is defined by

cov.(X,Y)

= Y

o0y

[13.11.3]

Pxy

where, as defined in Section B.3,

E[X — p)(Y — p)| = cov.(X.1).
That is, the population correlation coefficient is the covariance of X and Y, divided
by the product of the population standard deviations for X and Y. (c.f. Section B.3)

Putting these facts together, we obtain the raw score prediction or regression equa-
tion for the population as follows:

Y=yt By (= oy [13.11.47]

For obvious reasons one is usually more interested in the regression equation as it
applies to a population than in the corresponding equation for a sample. Thus, the
most useful feature of such an equation is the ability it provides for predicting the y’
score of any individual, regardless of whether that individual was a member of some
sample. In the same way, in order to make a general statement about the linear
relationship that exists between X and Y, we would like to have the value of p,,
rather than the value of some sample r_. On the other hand, the sample usually
provides all of the information we have about the population. Fortunately, we can
make inferences about these population values from the sample, especially if the
population has a particular form, as discussed below.

ever. POPULATION

how CORRELATION AND
REGRESSION

Section 13.1%
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dicted from X, 4 Giscuss the frue variance of estimate for ¥ pre- 462 ‘ 12/ CORRELATION IN BIVARIATE AND MULTIVARIATE NORM
] S 43, N IVARIA | AL
O, = o] — A PROBLEMS IN CORRELATICN IN
vx = oyl — pl), (1311 5 SORFELATION ang : POPULATIONS BIVARIATE AND
1157 In a problem in correlation our main interest often focuses on the value of r_ itseif, xglﬁEXﬁRIATE
POPULATIONS

as 1  esti
well as the true variance of estimate for X predicted from y

Oxy = ai(l — Py, [13.116
11.67]
The two true standard errors of estimate are thys
Oyx = O-y I - Pxy
» V [13.11.7']
Oy = 0, VI — Pxy- [
13.11.8*]

is the trye varia 1
accompliahen s nce. accou.nted for by linear regression, or the reduction i
Y using a linear prediction rule. It follows that £Hon in variance

rx

Prr = ,
- [13.11.97]

the squ i i
acmj ’ar; of the population correlation coefficient is rhe true
o nted for by the use of a linear prediction ruje
1ven a rando '
best mmi estrinms::;nplfe, the value of theT sample regression coefficient b, js
best astiman o Ny ()) 'B,,,.(. the population regression coefficient Moreg:e (:;,]r
X rx(Hy) is given b : i
Simply x(Hy g Y by (M,). As usual, our best estimate of u, s
Since each of th i y
_ cSe estimates corresponds t i
o . 0 a term in the samp)| i
¢ can use the sample equation itself as our best r:stimape e pomuieie

reg essi n q ation; i i
- ’ 1S, ou i
€Ler on equ that our estimate of the p()pula[lon re

Proportion of variance

: :
Ot oYy = —— 1§

N-> [13.11.10*}

SRR N e RN AR oA T i ¢

Vit S Sapnbai.

especially as an estimate of p,, for the population. Given a particular assumption Section 1312

about the population distribution of joint (x,y) events we can test not only if X and
y are linearly related, but also if any systematic relationship at all exists between the
two variables.

As shown in Appendix C, in a joint distribution of discrete random variables a
probability is assoctated with each possible X and Y pair, (x,y). A similar concep-
ton holds when X and Y are continuous variables, and a probability is associated
with any joint interval of values. Such joint distributions of two random variables
are known as bivariate distributions. Although any number of theoretical bivariate
distributions are possible in principle, by far the most studied is the bivariate normal
distributlon. The density function for this joint distribution has a rather elaborate-
looking rule. However, for standardized variables, this can be condensed to

-G

foz) = K
where
G = Gt = onnz)
2(1 = pxy)
and

K =22Vl — ply.

Notice that in a bivariate normal distribution, the population correlation coefficient
pyy appears as a parameter in the rule for the density function. Thus, even though z,
and z, are both standardized variables, the particular bivariate distribution cannot be
specified unless the value of the correlation p,, is known.

In a bivariate normal distribution, the marginal distribution of X over all obser-
vations is itself a normal distribution, and the marginal distribution of Y is also
normal. Furthermore, given any X value, the conditional distribution of Y is normal;
given any Y, the conditional distribution of X is normal. [n other words, if a bivar-
iate normal distribution is conceived in terms of a table of joint events where the
number of possible X values, of Y values, and of possible joint (x,y) events is infi-
nite, then within any possible row of the table one would find a normal distribution;
a normal distribution also exists within any possible column, and the marginals of
the table also exhibit normal distributions.

For our purposes, however, the feature of most importance in a bivariate normal
distribution is this: glven that densities for joint (x,y) events follow the bivarlate
normal rule, then X and Y are independent if and only if p,, = 0. For any joint
distribution of (x,y) the independence of X and Y implies that p,, = 0, but it may
happen that p,, = O even though X and Y are nor independent. However, for this
special joint distribution, the bivariate normal, p,, = 0 both implies and is implied
by the statistical independence of X and Y. The only predictability possible in a
bivariate normal distribution is that based on a linear rule.
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is entirely possible for a nonlinear statistical relation to exjst even though both X
and Y are normally distributed when considered separately. It is not, however, pos-
sible for any but a linear relation to exist when X and Y jointly follow the bivariate
normal law.

Most of the classical theory of inference about correlation and regression was
developed in terms of the bivariate normal distribution. I one can assume such a
joint population distribution, inferences about correlation are equivalent to in-
ferences about Independence or dependence between two random variables. For
the kinds of problems here called correlation problems, the assumption of a bi-
variate normal distribution is usually made. When this assumption is valid, any in-
ference about the value of Pyy Is equivalent to an inference about the independence,
or degree of dependence between two variables; this is not, however, a feature
of regression problems where the bivariate normal assumption need not be made.
As always, by adopting more stringent assumptions about the form of the popu-
lation distribution, one is able to make much more positive statements from sample
results.

The generalization of the idea of a bivariate normal distribution to more than two

variables is the multivariate normal distribution. Here, t0o, the parameters of the

as the correlation between each pair of variables. The conditional distribution of any
variable holding the others constant is normal, the conditiona] distribution of any
pair of variables holding the others constant js bivariate normal, and so on. As in
the case of the bivariate distribution, the only predictability possible in a multivariate
normal distribution is linear: Pxr = 0 for any pair of variables X and ¥ implies and
is implied by the independence of X and Y. Further discussion of multivariate normal

distributions will be found in any text on multivariate statistics, such as that by
Timm (1975).

13.13/1E57s In commeLATION PROBLEMS
For many correlation problems the only hypothesis of interest is
Hyp,, = 0.

where the altemnative hypothesis may be either directional or nondirectional.

When this hypothesis is true and the population can be assumed to be bivariate
normal in form, the distribution of the sample correlation coefficient tends, rather
slowly, toward a normal distribution for increasing N. The standard error of this

distribution of sample correlations r. is approximately

o = 1NN

r

[13.13.1]

When sample size is reasonably large (say, N = 50) then it is possible to test the
significance of r, in this way, by forming the usual z-statistic and referring it to the
normal distribution.

On the other hand, it can be shown that for any sample size N of 3 or more a test
of this hypothesis in a bivariate normal population is given by the ¢ ratio:

e R A A R i ¢

i — 2 degrees of freedom. . ‘
Wlgn[c:,er the asfl:mptions made in a problem in correlation, the value of r may be

sed directly as an estimator of p,, for the population. ﬁ{ml:llxghb.it i:da ;l;szt:;t a;:
. i lation is slightly biased; N
i stimator for p,,, the sample corre :
cons:lsntf r(l)lf ?Jias involves tg'ms of the order of 1/N, and for most practical purposes
amo
ignored. o ]
car;benif:t?oned earlier, for very large samples the distribution of the sagxp}l; er;gr
' i = (. Ev
t'o; coefficient may be regarded as approxxrpatel)t ngmla}l when Pr ) e for
e ively small samples (¥ > 4) this sampling dxstnl.)uuf)n is unim ¢ y
relatl-c l)-I[owever when p,, is other than zero, the distnputlon of r - tend;;: ve?;
nll;t»rvlct.i The more that p differs from zero, the greater is d;e skgtn.ests.walsegfpggh
: . ard the left, with inte
an zero, the skewness tends to be t_ow : .
g:ﬁ::esrotpr relatively more probable than similar intervals ot; ne.gau've \;(aluez. i\:h;z
v ¥ is situation is j d, and the distribution is skewe
i tive, this situation is just reversed, : ved in
pxi);i?eeg:irection The fact that the particular form of the samplmgf dxsugl;:t:;n
e ‘ it i ible to use the ¢ test for o -
f p,, makes it impossi 1
e ot the value of o i lation, or to set up confidence inter-
the value of the population correlation, . nce int
e for i v i i Although the sampling distribution
is value in some direct elementary way. ug !
wfﬂi fogo:h:) # 0 has been fairly extensively tabled, it is much simpler to employ
or 1, Xy
A ing method.
tht:Rf()lx{‘.owFisghcr showed that tests of hypotheses about p,,, as well afi conﬁtc)iie‘:l;i,
intCl:VEﬂS- can be made from moderately large samples (a?out N ; 1(31)1 anoa"aSamplc
i ion i icular function of r_, rather
i al population if one uses a pgmcu . ¢ c
lﬁ;;:‘;:n cl:tfﬁcient itself. The function used is known as the Fisher r to Z trans

formation, given by the rule
1 L +r,
Z=ilog, =)

Fisher showed that for virtually any value of p,,, for samples ofthmoderate s:;:ﬁtf;:
sampling distribution of Z-values is approximately normal, with an expe

(13.13.3]

given approximately by

_ll l+px‘r>
E(Z)=§—£°g. 1—ny'

[13.13.4]

(The population value of Z, corresponding to p, is denoted by {, small Greek zeta.)
The sampling variance of Z is approximately
! (13.13.5)
var(Z) = N =3
The goodness of these approximations increases the smaller lthc [:bs:;::;h::;mm:f
i ly large samples the :
d the larger the sample size. For moderate pot.
f)xy iznequal to fny value p, (not too close to 1 or — 1) can be tested. This is done in
XY

terms of the test statistic
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referred to a norma distribution. The value taken for £(2) or ¢ depends on the val
alue

given for p, by the null hypothesis:

1 +p,

{ = EZ) = llog' A )
2 1 [13.13.77]

~ Po

and the sample value of 7 is taken from the sample correlation

1 1l +r
Z=7log, <——-”)
2 lL=r, [13.13.8°]

no_;m;l population is very gquestionable
abl i i i .
e tact:) [Zli ;nqﬁgpendlx D gives the Z-values corresponding to various values of
. e easy to use, and makes carryi i o
: te arrying out the t
thm;;le. Only positive r and Z values are shown, since if r is n:St }tSle excr‘emely
eF -value is taken as negative also. Seve. the sign of
or .
oy b;:‘)/(:;g:le, suppose that we wanted to test the hypothesis that P = .50 i
comelaon eor;ox;;alTiopulauon. A sample of 100 cases drawn at rangom g.' ;
w OF .35. The hypothesis is to be tested wi = ted
Then, from the Table VI, we find that for r = ;th & = 05 two-tiled
5 Mg

Z = 3654,

For P = .50, we find

{ = E2Z) = 5493
The test statistic js then

-3654 — 5493
e =
V1/97

In a normal sampling distribution, a standard

v a Amp. s score of 1.96 j i
_—;iiﬁ_:efz; re{;ctlpgththe hypothesis at the .05 level, two-taile:;. ‘;::::Uf:vevzlue .
ot the | Pothesis that p, = .SQ on the basis of this evidence. Ob ’ " e
occasio";] :erms of Z leads to an inference in terms of ] serve that the

hos € l:l , ),I-eOZ:dh:S tWo independent samples of N, and N, cases respective)
commetatin egfﬁ led as drawn from a bivariate normal distribution, and il
' ficient for each. The question to be asked is Do bothco;nfl:tes
of these
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where Z, represents the transformed value of the correlation coefficient for the first
sample, Z, the transformed value for the second, and

[13.13.10]

Ozi-zn =

For reasonably large samples (say, 10 in each) this ratio can be referred to the nor-
mal distribution. Remember, however, that the two samples must be independent (in
articular, not involving the same or matched subjects) and the population repre-
sented by each must be bivariate normal in form.
More generally, suppose that there are J independent samples, each drawn from
a bivariate normal distribution of (x,y) pairs. Each sample j yields a sample corre-
lation r, between X and Y. Then the hypothesis that the true value py, is the same for
all of the populations can be tested by the statistic

V=2 (- 3N - U

which is distributed as chi-square with J — | degrees of freedom when the null
hypothesis that p, = p, = -+ = p; is true. Here, n, is the number of observations

[13.13.11]

in the sample j, and

2 (n, — 3)Z;
; [13.13.12]

U=a—.
2 (n =3

13.14 / CONFIDENCE INTERVALS FOR p,,
If the population has a bivariate normal distribution of (x,y) events, then the r to Z
transformation can be used to find confidence intervals, very much as for a mean of
a large sample. It is approximately true that for random samples of size N, an inter-

val such as
| 1 .
Z - 2an N—_;S {<Z + 7., N3 [13.14.17]
will cover the true value of { with probability | — «. Here, Z is the sample value

corresponding to r,_, { is the Z-value corresponding to py,, and z,, (definitely to be
distinguished from Z) is the value cutting of the upper «/2 proportion in a normal
distribution. Thus, the expression 13.14.1 above gives the 100(1 ~ a) percent con-
fidence interval for {. On changing the limiting values of Z back into correlation
values, we have a confidence interval for p,,.

In the example given in the preceding section,

Z = .3654
N = 100,




so that

[
N—3"‘..

Fora = .05, z = 1.96, so that the 95 percent Con(idence interval for C 15 giver
’ Lg, ’
(a/2) f aive

3654 ~ (1.96)(.1) = { =< .3654 + (1.96)(.1)

or
1694 < [ < .5614.

The corresponding interval for Py is then approximately
.168 < p,, < 510

(the correlation values here are taken to correspond to the nearest tabled Z values)

an assert that the probability is abol t al sample erv.
We ¢ bou .95 that i i
. 1nt als such as this

13.15/ ANOTHER EXAMPLE OF A CORRELATION PROBLEM

3 study was made of thc? tendency of the height of a wife to be linearly related to
at of. h?r hu§band, and it was desired to find a sample correlation between husband
and wife’s heights, and to use this to test the hypothesis of no linear relationship

A sample of 15 Americ
i T 1;3‘ o rican couples was drawn at random, and the data are shown

Heights in inches Table 13.15.1

Couple  X(Wife's height)  Y(Husband's height) :;'g’?‘s for a sample of
rican married couples.
1 70 75
2 67 72
3 70 75
4 71 76
5 67 70
6 64 68
7 71 72
8 63 67
9 65 67
10 65 68
11 65 68
12 65 71
13 66 68
14 65 71
15 61 62
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Transformed scores Table 13.15.2 ANOTHER EXAMPLE
OF A CORRELATION
Transformed data from Table PROBLEM
Couple u v uv s v 13151, Section 13.15

1 10 5 50 100 25
2 7 2 14 49 4
3 10 5 50 100 25
4 11 6 66 121 36
5 7 0 0 49 0
6 4 -2 -8 16 4
7 11 2 22 121 4
8 3 -3 -9 9 9
9 5 -3 -15 25 9
10 4 -2 -8 16 4
11 5 -2 -10 25 4
12 5 1 5 25 1
13 6 -2 -12 36 4
14 5 1 5 25 1
15 1 =8 -8 __ 1 _6&
94 0 142 718 194

For these data the computations for the correlation coefficient can be simplified by
subtracting 60 from the height of each wife, and 70 from the height of each husband;
this does not alter the value of r_ obtained (Section 13.3). Then the new scores are
as shown in Table 13.15.2 for 4 and v, respectively.

The correlation coefficient computed by the formula 13.8.2 turns out to be

, = (15)(142) — (94)0)

7 VIUSKT18) — (94)(15X(194) ~ (©)]
2130

= V(1938)2910)
= .90.

On the evidence of the sample, we conclude that there is a very strong linear relation

between the heights of wives and husbands.
If we wished only to test the hypothesis that the true correlation is zero, we would

employ the ¢ test given by 13.13.2.

L = (0O)VIS — 2
V1 - (.90)

_3.24
44

7.36.

This greatly exceeds both the values required for « = .05 and for a« = .0l for a ¢
with 13 degrees of freedom (two-tailed).
Suppose, however, that the question had been, ‘‘Does the height of the wife and




the linear relation account for more than 50 percent of the variance in the observed 470 " where ar

heights of husbands?"’ That is, we actually want to test the hypothesis PROBLEMS IN 3 NTS) e siargehes SPART
LA CORRELATION : 2 _ NS -7 CORRELATION
Hy: ph < .50 AND est. Opy = l‘ﬁv_N_iV_bzv_'S_‘ - \/N_S;V“___Z’_L‘-) (13.16.2] Secton 1317

against the alternative
H,: py, > .50.

Given the assumption that p is positive, this is equivalent to the test of
Hy: po < V50 or Hy: py < .707

against
H,: py > .707.

Here, the Fisher r to Z transformation and ex i
pressions 13.13.6 through
used to find the test statistic ough 13.13.8 are

Z - E(Z) - 1.47 — .88
VN - 3) V112

= 2.04.

Il.l a.normal sampling distribution, this exceeds the value required for the 5 percent
sngmﬁ;:hance level, one-tailed. Thus we may safely conclude from this sample that
:;;r:ion a‘:lli tlSIOI,'I.Jm’(:ent of the variance in Y is accounted for by the apparent linear
Thns_exam;.ﬂe is made up, of course, and correlations this large are not usuall
found in social or behavioral work. It does illustrate one thing, however Evez
though tI.Ie correlation found is sizable, it makes no sense at all to think of the. height
of the w1t_"e as ‘‘causing’’ the height of the husband, or that of the husband the height
of the w_lfe. These are simply two numerical measurements that happen to ocgur
together in a more or less linear way, according to the evidence of this sample. The
reason whylthis linear relation exists is completely out of the realm of statis(ics. and
the correla'thn coefficient and tests shed absolutely no light on this problem Ir; this
exa_mple, it is perfectly obvious that personal preferences and current stanciards of
society cause some selection to occur in the process of mating, and these factors in
tf.lm u.nderlle our observations that (x,y) pairs do occur in a particular kind of rela-
tionship. As a description of a population situation, our inferences may very well be

valid, but this fact alone gives us no license to talk
about th
linear relation. e cause of the apparent

Under the bivariate normal correlation model, it is quite possible to form confidence

intervals for B, ,, the true regression coefficient. The 100(1 —
interval is found from ' ‘ ) pereent confidence

by — est. Oydany < est. Oy.xliwn

SN P S bt moem (13.16.17]

The tqq Value is found for N — 2 degrees of freedom.

Occasionally, interval estimates are desired for the predicted values ¥' using the
population regression rule, and some specific x value. Remember that the predicted
value y' found using a sample regression equation does not necessarily agree with
the y' that would be found using the population regression equation. There are fwo
possible sources of disagreement between a sample y' and the true value of ¥ as
found from the population rule: the sample mean M, may be in error, and the sample
estimate of By, may be wrong to some extent. Considering both of these sources of
error, we have for a given score x the following confidence interval for predicted y':

|
eSO DY T
¥ e X\ N NS? [13.16.27]

, | - M)
SR L N Vi T

The number of degrees of freedom is again N — 2.
In other words, here, where y' = M, + by (x — M,), and where true

)" =p, + Br-x(-x - Wy
there must be two kinds of variability in the distribution of Y' values over samples,
given a constant value for x — . The first source of variability is the difference
between a given value of the mean M, and the true mean p,. The second source of
variability is the difference between the sample regression coefficient by, and the
true coefficient By, The two terms under the radical sign in [13.16.2] reflect these
two sources of variability.

Be sure to notice the interesting fact that the regresslon equation found for a
sample Is not equally good as an approximation to the popuiation rule over all
the different values of X. The sample rule is at its best as a substitute for the
population rule when X = M,, the mean of the X values, since the confidence
interval is smallest at this point. However, as X values grow increasingly deviant
from M, in either direction, the confidence intervals grow wider.

43.17 / PARTIAL AND PART CORRELATIONS

We now tm to a group of methods which extend the basic ideas of bivariate cor-
relation and regression to any situation where more than two variables are involved.
Certainly, in practical situations it is seldom that only two items of information about
an individual will be known. Thus, in the employment setting several ratings of
background, education and experience may be used, and several preemployment
tests may be administered. Each of these things will be involved to some extent in
the decision to hire or not to hire. The admission officer in a university may have
not only college entrance examination scores, but also other information such as the
high school record, the applicant’s employment record, and the educational level of




